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Abstract. The purpose of this article is to estabUsh regularity and pointwise upper bounds for the (relative) 
fundamental solution of the heat equation associated to the weighted 5-operator in L'^{C") for a certain class 
of weights. The weights depend on a parameter, and we find pointwise bounds for heat kernel, as well as its 
derivatives in time, space, and the parameter. We also prove cancellation conditions for the heat semigroup. 
We reduce the n-dimensional case to the one-dimensional case, and the estimates in one-dimensional case 
are achieved by Duhamel's principle and commutator properties of the operators. As an application, we 
recover estimates of heat kernels on polynomial models in . 



1. Introduction 

The purpose of this article is to estabhsh regularity and pointwise upper bounds for the (relative) funda- 
mental solution of the heat equation associated to the weighted 9-operator in L^(C") for a certain class of 
weights. The weights depend on a parameter, and we find bounds for heat kernel, as well as its derivatives in 
time, space, and the parameter. We also prove cancellation conditions for the heat semigroup. We reduce the 
rt-dimensional case to the one-dimensional case, and the estimates in one-dimensional case will be achieved 
by a novel use of Duhamel's principle. 

As an application of our estimates, we can recover and improve the estimates by Nagel and Stein in [16] 
for heat kernels on polynomial models in C^. 

An additional point of interest is that the infinitesimal generator of the semigroup is a magnetic Schrodinger 
operator. Also, when the parameter is negative, this Schrodinger operator has a nonpositive and possibly 
unbounded electric potential, yet the large-time behavior of the semigroup is well-controlled (the eigenvalues 
of the generator are always nonnegative) . 

1.1. The set-up in one dimension — heat equations in (0,oo) x C. Let p : C ^ K. be a subharmonic, 
nonharmonic polynomial and r e M a parameter. Define 

d dp 



Jz 



a one-parameter family of differential operators acting on functions defined on C. To solve the Cauchy- 
Riemann equations 

du^f 

for a function / G -Z^^(C, e^^"^^) = {f |(ppe~^'^P dV < oo}, it is equivalent to solve the weighted 9-problem 

Zrp.zOi = p. 

Our interest is studying the Zrp.z-pioblem through its associated heat equation (defined below). We wish 
to express the solution as an integral operator and finding the regularity and smoothness of the (relative) 
fundamental solution. 

To study the ZT-p-equation, we let 

introduce the Zi-p-Laplacian 
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As observed in [21], if p{xi,X2) xi,— X2) and Di-p.z — —Zrp^zZrp.zi then 

Thus, we will (mostly) restrict ourselves to the case r > and study the heat equations 

du 



Otp,zU = 

(1) 



u{0,z) = f{z) 



and 

du 



Drp^zU = 



' (2) 

We write Drp in lieu of Orp.z when the application is clear. From [121 [21], ^rp and Drp are self-adjoint, so 
from the spectral theorem and the Riesz Representation Theorem, we can express our solutions 

?.(s,z) = e-^°-[/](z)= / Hrp{s,z,w)fiw)dAiw) (3) 
Jc 

and 

{t(s,z) = e-^°-[/](z)- / Hrpis,z,w)fiw)dAiw), (4) 

where Hrp(s, z,w) and Htp{s, z,w) are C°° away from {{s,z,w) : s — and z — w} (assuming s > 0, of 
course) and dA is Lebesgue measure on C. 

2. Discussion of the n = 1 case 
We have several motivations for studying the heat equations ([T]) and ([2]). 

2.1. e^'*^'' on polynomial models in C^. A polynomial model Mp in is a CR-manifold of the form 

Mp = {{z,w) e ; Imu; =p(z)} 

where p is subharmonic, nonharmonic polynomial. Mp is the boundary of an unbounded pseudoconvex 
domain. When p{z) = Mp is the Heisenberg group H^, thus we can consider the Heisenberg group as 
the simplest example of a polynomial model. 

The analysis of polynomial models in is directly related to the Z^p-problem. Mp = C x M, and if 
w = t + ip{z), then Bb on M can be identified with the vector field L — — i^^. Lis translation 
invariant in t, so if we take the partial Fourier transform in t where r is the transform variable of t, then 
L i—i-Zrp. Consequently, Orp and Otp are the partial Fourier transforms of on (O,l)-forms and functions, 
respectively. 

In C^, the Dfj-heat equation on the polynomial model Mp was solved by Nagel and Stein [16]. They prove 
that the heat kernel of e^'*^'' satisfies rapid decay. In Section [5] we improve their heat kernel estimates to 
Gaussian estimates in |z — Street [23] has shown Gaussian decay with respect to the control metric for 
the Db-heat kernel. His method does not seem to generalize to the n> 2 case, however, while ours ought to, 
as noted in Section [3] 

In light of the Nagel-Stein result and the connection of Htp(s, z,w) and Htp{s, z,w) with the Dh-heat 
kernel on polynomial models on C^, it follows that Hrp(s, z,w) and Hrp{s, z,w) are actually C°° off the 
diagonal {{s^ z^w^t) : s = 0, z = w}. Thus, the content of this article is to prove the decay estimates and 
cancellation conditions. 



2.2. Orp and Orp as magnetic Schrodinger operators. If a = t(— gj^, and F = fAp, then 

2n^p = i(iv-a)2 + y, 2n^p = i(iv - a)2 - y 

magnetic Schrodinger operators with magnetic potential a and electric potential ±V. 

The operators Drp and Drp behave quite differently. As discussed in [21] . D^p has a nonpositive and 
unbounded potential (unbounded if deg Ap > 1). A further comphcation is that for r > 0, null(n7-p) ^ {0} 
(and in fact may be infinite dimensional, see [S]) while null(n,-p) = {0}. Fortunately, Orp has nonnegative 
eigenvalues and is self-adjoint, so it follows from the spectral theorem that limj^oo e^*^^'' = Srp where Srp 
is the Szego projection, i.e., the projection of i^(C) onto nuUZrp. The Szego projection is given by 

SrpUKz) = / Srpiz,w)f{w)dA{w) 

Jc 

and Srp{z,w) e C°°(C) 0. 

A consequence of the nonzero limit is that the kernel of e^'^^^'' cannot vanish as s oo. Thus, 
e"'^^^'' ds diverges and cannot be the relative fundamental solution of IZlT-p. e^'*'^^''(/ — Srp) func- 
tions as the natural replacement for e"*^^? since e^'^^^''{I — Srp) ds converges and equals the relative 
fundamental solution of Orp. 

2.3. Zrp, Orp, and the weighted 9-operator in C. In Christ studies the 9-problem in L^(C, e"^^) 
by the Zi-p-problem when r = 1. Christ solves the Dp-equation using methods different from ours. He 
shows that Op is invertible and that the solution can be written as integration against a fractional integral 
operator. He finds pointwise upper bounds on the integral kernel and related objects. For more background 
on the weighted 9-problem in C, see [211 E [H [8] 

2.4. Orp and Hartogs Domains in C^. Mathematicians have analyzed operators on Hartogs domains in 
C" by understanding weighted operators on their base spaces. The original operators are then reconstructed 
using Fourier series [HI [HI [2]. Recently, on a class of Hartogs domains f2 C C^, Fu and Straube [HI [IH] 
establish an equivalence between the compactness of the (9-Neumann problem and the blowup of the smallest 
eigenvalue of Orp as t ^ oo. Christ and Fu [7J build on the work of Fu and Straube to show that the following 
are equivalent: compactness of the i9-Neumann operator, compactness of the complex Green operator, and 
bfl satisfying property (P). 

3. The n>2 case and its reduction to n = 1 

3.1. The Of) and □jj-heat equations. In C", n > 2, the Cauchy-Riemann equations in weighted spaces 
take the form 

du^f 

where / is a (O,^ + l)-form in L^(C",e^^^) {ip : j^^ \ip\'^ e""^^ dV < oo}. We can solve the weighted 
9-equation by solving the equivalent unweighted problem 

where D = e~^de^. Solving the i9-equation by solving a related weighted problem is a classical technique that 
goes back to Hormander [11| . Our interest is not simply in solving the Z)-problem, but expressing the solution 
as an integral operator and finding the regularity and smoothness of the (relative) fundamental solution. We 
work with the class of weights A = rP(zi, . . . , z„) — t X]J=i Pjizj) where r G R is a parameter and pj are 
subharmonic, nonharmonic polynomials. We call such polynomials P decoupled. For the remainder of the 
section, we assume that D is of the form 

DrP = D = e-^^de-^P 

where P is a decoupled polynomial and each is subharmonic and nonharmonic. 

To study the Z)-equation, we let D* be the L^-adjoint of D and introduce the _D-Laplacian 

□I, = = D*D + DD* 
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on (0, g)-forms. We will study the D^-heat equation 



( 



u{0,z) = f(z) 



(5) 



because (as discussed below) we can recover both the solution to □jj-equation, Oj^a = /3, and the projection 
onto the null-space of Dq. We call the projection the Szego projection and denote it Sfj^- Our goal is to 
find the (relative) fundamental solution to the D^-heat equation and express the solution 



where Hrp{s, z,w) is the relative fundamental solution, hereafter called the D^j-heat kernel. We wish to 
find the regularity and pointwise upper bounds of the D^-heat kernel and its derivatives in time (s), space 
(z and w), and the parameter (r). 

3.2. on decoupled polynomial models in C". In [17 , Nagel and Stein find optimal estimates for 
solutions to the Kohn Laplacian on a class of models in C". They study hypersurfaces of the form 

Mp = {(zi, . . . , Zn+i) e C"+^ : Imz„+i = P{zi, • • • , z„)} where P{zi, . . . , z„) = piizi) H \- pn-i{zn-i) 

and pj are subharmonic, nonharmonic polynomials. The surface Mp is the boundary of an unbounded 
pseudoconvex domain and is called a decoupled polynomial model. For example, if p{z) — \zi\'^ + ■ ■ ■ + \zn\'^ , 
then Mp is the Heisenberg group H" and is the boundary of the Siegel upper half space, and in [3], we use 
Hermite functions to explicitly compute the Fourier transform of the Dt-heat kernel as well as the D^i-heat 
kernel. In [4] , Boggess and Raich present a calculation of the Fourier transform of the fundamental solution 
of the Db-heat equation on quadric submanifolds M c C" x C". In particular, we compute the analog of 
the Dj^-heat kernel. 

In analog to polynomial models in C^, the Mp = C" x M since points in Mp are of the form (zi, . . . , z„, i + 
iP{z)). The realization of db (defined on Mp) on C" x R is a translation invariant operator in t. The partial 
Fourier transform in t of the Kohn Laplacian Dfc (identified with its image on C" x R) is the Z)-Laplacian. 
Thus, the D^-heat kernel is the partial Fourier transform of the □f,-kernel. 

We would like to study the heat semigroup e"*'-'' on Mp. A motivation for studying the heat kernel is 
that one of the most important aspects of [17j is that their qualitatively sharp estimates for are written 
in terms of both the control metric and the Szego pseudometric (see [IHl [13] for background on these 
metrics). We would like to understand the appearance of both metrics in the estimates. 

3.3. Reduction from the case n > 2 to n = 1. The reason that the n > 2 and n = 1 cases can be studied 
together is that the decoupling of the polynomial P allows the D^-heat kernel to be expressed as a product 
of the Drp- and DT-p-heat kernels. Consequently, the n-dimensional problem reduces to a one-dimensional 
problem. This method of expressing an n-dimensional heat kernels as a product of one-dimensional heat 
kernels was used by Boggess and Raich to present a simplified calculation of the heat kernel on the Heisenberg 
group [3]. 

To see the factoring, we need to compute D^,. Let '&q be the set of increasing g-tuples / — (ii,. . . ,iq) 
with 1 < ii < ■ ■ ■ < iq < n. For J G -dq, let 



k=l 

If / = fjdzj, then since Z^-p^ commutes with Zrp^. (here pj — Pj{zj) and pk = Pk{zk)) if.? 7^ fc, a 

standard computation shows 





and 



n 




^ Ujfjdzj. 
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Since Oq is self-adjoint, we can solve the D^-heat equation via the spectral theorem, i.e., u{s,z) = 
e~*'-'s Since Djj acts diagonally, it is enough to study Dj acting on functions. is a sum of 

J(k) 

commuting operators Of. , so 



fe=l 



Each e ^ acts only in the Zk variable, and consequence of this fact is that the integral kernel of the 
product has a simpler form than (the analog of) a convolution. If Hj{s,z,w) is the heat-kernel to the 
□j-heat equation, then 

n 

Hj{s,z,w) = Y\_H'l^''\s,Zk,Wk) 

k=l 

where 

tik [s,Zk,Wk)-<~ -rnJik) n 

We would like to thank Peter Kuchment, Emil Straube, and Alex Nagel for their support and encour- 
agement. We would also like to thank Al Boggess for his helpful comments regarding the writing of this 
article. 

4. Results 

Since the n-dimensional heat kernel can be written in terms of one-dimensional heat kernels, for simplicity 
we will write all of our results in terms of the one-dimensional kernels. 

In [inil^, we establish pointwise upper bounds for i/^p(s, z, w) and Htp{s, z, w) and their space and time 
derivatives. The spectral theorem techniques in our earlier work are poorly suited for differentiating in the 
parameter, so we develop a new integral formula based on Duhamel's principle to handle derivatives in the 
parameter. The results proven in this article greatly extend our earlier results. 

In order to write the estimates for H^p{s, z,w) and Htp{s, z,w), we need the appropriate differential 
operators. Since Drp is a self-adjoint operator in L^(C), it follows that Hrp{s, z,w) — Hrp{s,w, z) [IgJ. 
Thus, in w, the appropriate differential operators are: 

W -TZ )- A_^^^e-P^e--f W =ff )-±+T^ = e-^P^e^P 

ow ow ow ow ow aw 

To motivate the correct differential operator in r, it is essential to have the "twist" term 

r,„,,).-2i,„(i:i2gil,„-,>. 

i>i ■'' 

from the control metric on Mp. It turns out that the distance on Mp in the t-component is written in terms 
oi t -\- T{'w, z), and the partial Fourier transform in t of t + T(w, z) is the twisted derivative 

M^^^ = f,^rT(^o,z)^^-^rT(w,z) = A _ iT{w, z). 

Also associated to the control metric is the pseudo-distance 

l/U+k) 

Hpiz,6) = inf 



1 di + ''p{z) 



and its approximate inverse 



A(z,<5)= 

3-k>l 



1 



j\k\ dz^dz'' 



\S\ 



3+k 



Roughly speaking, the volume of a ball in Mp of radius S is approximately (5^A(z, S) and the distance from 
a point (z, t) to {w, s) is — -I- /Xp(z, t ~ s + T(w, z)). The functions /i and A satisfy 

/Xp(z, A(z,(5)) A{z,fip{z,S)) S. 



Finally, for (s, z) e (0, oo) x C, define 

A = min{/ip(2;,l/T),s^/2}. 

ft will be important to distinguish the number of space derivatives from the number of T-derivatives, and 
we do this by introducing the (n, £)-differentiation classes for functions of (r, z, w) e M x C x C. 

Definition 4.1. We say that Y'^ is an {n,£)-derivative and write Y'^ € {n,£) if Y'^ = Y| jjY] • • • Fi 
is a product of |J| operators of the form Yj = Zrp^z, Zrp,z,Wrp,w,Wrp,w, or where |J| = n + £, 

n = #{Yj : Yj = M^'^] and I = #{Yj : Yj = Zrp,z, Zrp,z,Wrp,^,Wrp,^}. Also, we write F-^ < {n,l) if 
Y"^ e {k,j) where k < n and j < L 

For Y-^ e [nj), if < a < |J|, let F"'"" = i^ji-cYi • • • Yi. While this is an abuse of notation, we 
will only use it in situations where the length of the derivative is important. Also, we commonly use the 
notation X-^ for operators X-^ e (0,£) and Y-' when Y-^ e {n,t), n>0. 

The main results for the heat equations of Orp and Drp are the following. 

Tiieorem 4.2. Let p be a suhharmonic, nonharmonic polynomial and t > a parameter. IfY"^ e {n,i) 
and k >0, then there exist constants Ck^\j\,c > so that 



gk 
ds'' 



Y'^Hrp{s,z,w) 



<C, 



A(z, A)" 



Since A(z,/ip(z, l/r)) ~ l/r, we have the immediate corollary. 
Corollary 4.3. Let r > 0. IfY'^ £ {n,t) and k>0, then there exist constants Ck,\j\,c > so that 



Qk 



Y-^Hrpis,z,w) 



- ^k,\J\ 



^ngl+k+^e 



s g »»p(»,1/t)2 g /<p(«u,1/t)2 



Theorem 4.4. Let p be a suhharmonic, nonharmonic polynomial and t > a parameter. If Y" e (n, i 
and k>0, then there exist positive constants c, C\a\,Ck^\o,\! that 



Y''Hrpis,z,w) 



A(z,Ar _ 



^ko, if the derivatives annihilate the Szego kernel, i.e., ^^Y'^Stp{z,w) = 0, then the estimate simplifies to 



Qk 

ds'^ 



Y''Hrpis,z,w) 



< 



Cfei„|A(z,A)" 



a g »»p(«,1/t)^ g »«p(«,1/t)^ _ 



Given the importance of Szego projection to the relative fundamental solution of Drp, we will also study 
the integral kernel of e~^^^p{I — Srp) and its derivatives. Specifically, we write 



^''{I-Srp)[f]{z)= [ Grp{s,Z, 

Jc 



w)f{w) dA{w) 



and will analyze Gtp{s,z,w) and its derivatives. 



Theorem 4.5. Let p be a suhharmonic, nonharrn,onic polynomial and t > a parameter. IfY" € {n,£) 
and k> 0, then there exist positive constants c, C\a\,Ck,\a\ so that 



Y"Grp{s,z,w) 



C\r,\ —c 2 II- — c ^ IT „ \z—w\ „ \z--m\ 

< ' I g MpCf.l/T)^ g ^p(z,1/t)^ g '=Mp(«,1/t) g '=^p(t»,l/T) 



max ■ 



s^+¥ l/r)2+« 



v4feo, w/ien t/ie derivatives annihilate the Szego kernel, i.e., -^Y"Srp{z,w) = 0, -^Y°'Hrp{s,z,w) 



ry*GT-„(s, 2;, w) and f/ie estimate is 



gk 

ds'' 



Y''Grp{s,z,w) 



k,\c 



A(0, A)" 
„i+k+^e ' 



g ^*p(w,1/t)2 g ^p(2:,1/t)2 



Remark 4.6. The (0,^)-case of Theorem Theorem and Theorem H31 is proved m [121 [H]. The fact 

that min,>n — I , , — — l^"™} ^ which allows for the expf— c — !"i x )exp(— c — f """j > ) term to 

be factored outside of the max. 

The estimates in Theorem 14.41 and Theorem 14.51 generalize the main results in [21] in which we prove the 
estimates for the (0,£)-case. 

As essential tool in the proof of Theorem l4.5l is a special case of Corollary 4.2 from [21] . The corollary in [21] 
is based on the identity e~^^'^'' Z^p = ^rpe""'-'^'' . If Rrp is the relative inverse to Zrp (i.e., RrpZrp = I—Srp) 
and has integral kernel Rrp^z, w), then Rtp{z, w) is the relative fundamental solution to Z^-p, and it is shown 
that applying R^p to the identity yields the following result. 

Proposition 4.7. Let t > 0. Then 

Ztp,zHtp{s,Z,w) = Zrp^zGTpis,Z,w) = W rp,w Hrp{s , Z , w) , 

and 

WTp,wHrp{s,Z,w) = Wrp^wGrpis, Z,w) = Zrp,zHrp{s , Z , w) . 

Also, 

Grp{s, Z,w) ^ - / Wrp,wHrp{s,V,w)Rrp{z,v) dA{v). 



From Theorem 14.21 and the first two equalities in Corollarv l4.7l the latter statements in Theorem 14.41 and 
Theorem 14.51 follow immediately. 

The estimates in Theorem l4.2l and Theorem 14.51 allow us to recover pointwise estimates on the Szego kernel 
and the relative fundamental solution to Zrp. We need to integrate out s in the estimate of Zrp,zHrp{s, z, w) 
to recover estimates for the relative fundamental solution of Zrp, and we need to take the limit as s — > of 
the estimate for Grp to recover the estimate of the Szego kernel. We have the corollary 

Corollary 4.8. Let r > 0. IfY'^ is an {n^t)- derivative, then there exist constants G\j\,c > so that 

r~"|z — \z — w\ < ^1p{z,1/t) 

r^^.p(zl/ry+\■n e"'"'^"'^^'"' e'^.^i^.u^) \z - w\> ^ip{z,l|T). 



\Y'Rrp{z,w)\<G\j\ 

Also, 



\Y'Srp{z,w)\<Cyj\^^^j^j^jj-^^e' ^^^e- ^.(-v., , 



The proof of Corollarv l4.8l is identical to the proof of Corollary 2 in [19] . 



Remark 4.9. The estimates in Theorem 14.41 and Theorem 14.51 are natural given the estimate in Theorem 
4.21 Since lims^oo e"*'"'^'' = Srp, the large time estimate in Theorem 14.41 should agree with the estimate 
for the Szego kernel. From Corollary 14.81 we see that the estimates agree as s ^ cx). Similarly, since 
lims^o e^'*'^^'' (/ — Srp) = I — Srp, the estimates for Grp{s, z, w) must become the estimates for Srp{z, w) as 
s —^ 0. Thus, expressing the estimates in Theorem 14.41 and Theorem 14.51 in terms of maximums is natural - 
the estimates agree with the estimates for DT-p-heat kernel and the Szego kernel on the appropriate regions. 



We prove a cancellation condition for e *^^p. It compliments the pointwise estimates of Theorem l4.2l and 
is of interest in its own right. Following the notation of fX9\ [211 [16], we let 

and similarly for H^p[(p]{z) and G*j,[(/5](z). 

Theorem 4.10. Let r > 0. LfY-'e {n,£), S < max{/ip(z, 1/r), s^}, and £ C^{D{z,S)), then there 
exists a constant G\j\ so that for £ even, 

lY'K^Mz)] < qj^^^{\\n?p^h^c) + s'\\a?^\\\mc)), 
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and for £ odd, 



A( z A")" *+i *+3 

|yX%M(^)l <q,7| ^ ' ' (SWOr^P vh^O+S^Or^p ^IU.(C)) 



Theorem 14.101 allows us to recover a cancellation condition for Grp = and the relative fundamental 
solution of Zrp, denoted Rrp- 

Corollary 4.11. LetT>0. Let S > and tp & C^{D{z,S)). LetY" £ {n,£). There exists a constant Cn^\a\ 
so that if \a\ — 2k > is even or \a\ = and S > fJ.p{z, 1/t), then 

\Y-GrpMz)\ < ^6{\\D%ph^c)+S'\nt'v\\mc)) 
and if \a\ ^ 2k + 1 > is odd, then 

\Y'^GrpMz)\ < ^5(5||n^+Vl|L^(C)+<5^IP^+VlU^(C)). 

// \a\ = and 6 < fJ.p{z, 1/t), then 

Co 



\GrpMz)\ < -i6[iogCJ^^^)yu2^c) + s'\\nrpp\\LHc)] 

The proof of Corollary 14 . 1 1 1 can be followed line by line from the proof of Lemma 3.6 in [21] . 

5. Estimates for heat kernels for polynomial models in C^. 

As discussed in H2.U we have the polynomial model Mp. Let H{s,p,q) be the integral kernel of e"*^''. 
Because M is a polynomial model, if p = (z, 17= {w,t2) and t — ti — t2, then we can consider H{s,p, q) = 
H{s, z, w, t) and G{s,p, q) = G{s, z, w, t). In this notation, if dM{z, w, t) = \z — 'w\ +fip{z, t + T^w, z)) and X" 
and are products of the vectors fields L and L, then Nagel and Stein [16 prove that for any nonnegative 
integer N, there exists a constant CN,a,i3.j so that 



gj 

^X;xPH{s,z,wM-t2) 



< CN,a,f3,j 



dM{z,w,t) 



-2]-\a\-\P\ 



dM{z, w, t)'^A{z, dniiz, w, t)) 



+ dM{z,w,t)^^ 



As a consequence of Theorem 14.21 and Theorem 14.41 we improve the previous estimates to the following. 

Theorem 5.1. Let p : C ^ W be a subharmonic, nonharmonic polynomial and Mp = {(z, w) G : Imw = 
p{z)}. Under the standard identification of Mp ^ C x R, if H{s, z, w, ti — t2) is the integral kernel of e^*^' 
and X" andXf^ are compositions of the vector fields L and L, then for any integer N , there exists a constants 

C = C]\f,a.f3,j 0,nd CN,a,l3,3 SO that 



where t = ti — t2. 



X^X^H{s,z,wM~t2) 



< CN,a,l3,j 



duiz, W, t)2+2i+l«| + l/3| A(z, duiz, W, t)) iMp{z, t + T{w, z)Y^ 



Proof. We sketch the proof in the a ~ (3 = j = {) case. The other cases follow similarly. By a partial Fourier 
transform, 

1 



Next, 



H[s, z, w, t) 



e **'^iJT-p(s, z, w) dr 



1 



''Hrp{s, z, w) dr. 



e~'*''M^pHrp{s,z,w) dr 



\t + T{w,z)\'' 

Note that Pp{z, 1/r) > s-^^^ is equivalent to r < A(z, s^^^)^^ . By Theorem 14.21 and Theorem 14. 4) we estimate 

'|t|<A(z,s1/2)-i 



\t + T{w,z)\^ 



e-'^'^M'; Hrp{s, z, w) dr 



< 



1 



|t + T(w,2)|" J\r\<A(z,s^/^-)- 



A(z,si/2)^ 



dr < 



A(z,si/2)'' 



\t + T{z,w)\" sA(z,si/2)- 



Similarly, with n large enough so that the integral converges, by Theorem 
1 

'|r|>A(z,si/2) 



|t + r(w,z)|" 



J\t\>A(z.sU2)-i 



|i + rKz)|"7|,|>A(,,,i/2)-i |t|"a^p(z,1/t)2 - |i + r(z,zi;)|»sA(z,si/2)- 

There are two key ideas to finish the proof. The first is that the bound for all n is equivalent 

to having the bound ^ t+T{w z))'^^ ^'^'^ ^ matter is expanding the ijp{z,t + T{w,z)) terms 

and reshuffling the ^g^jggt} terms. The second key fact is that the statement n cannot equal zero is a 

N 

manifestation of the lack of decay in s for H{s, z, w, t). It turns out that to achieve the term ^ t+T{w z))'^^ 
in the estimate for H{s, z, w, t) causes the replacement of s with d{z, w, t)"^ throughout the denominator. □ 

If 5* is the Szego projection of L^{M) on ker(9f,), we can also recover estimates for the kernel of e""'-''' (I—S) 
and the Szego projection. The difference in the argument is that we only integrate by parts only when r is 
away from zero. The estimates themselves are less subtle as they do not involve rapid or exponential decay. 
The estimates on the Szego projection are computed in both [IS] and [13]. 

6. The nonhomogenous ivp, uniqueness, and mixed derivatives of the heat kernel 
For the remainder of the article, we assume that r > 0. 

The key to expressing derivatives of Hrp^s, z,w) in terms of quantities we can estimate is to solve the 
nonhomogeneous heat equation via Duhamel's principle. 

6.1. Uniqueness of solutions of the nonhomogeneous IVP. 

Proposition 6.1. Let r S K. Let g : (0, oo) x C C and / : C ^ C 6e H'^{C) for each s and vanish as 
\z\ oo. The solution to the nonhomogeneous heat equation 

( du 

— — h \3rpU — g in (0. oo) x C 

' (6) 

lim u{s, z) — f(z) 
s— »o 

is given by 

u{s, z)= f Hrp{s, z, OfiO dA{0 + r f Hrp{s - r, z, e).g(r, dA{Odr. (7) 
Jc Jo Jc 

Proof. By [l^], it suffices to show that u{s, z) = Hrp{s — r, z, £,)g{r, ^) dA{(,)dr solves ^ when / = 0. 
Let 

Ue(s,z)= / / Hrpis-r + e,z,^)g{£„r)dA{^)dr. 
Jo Jc 

Then 

^ = f I ^{■s^r + e,z,09{r,0dA{0dr+ f H^p{e, z,Og{.s,0 dA{0 
Jo Jc Jc 

and 

Orp.zUeis,z) = [ [ Drp.zHrpis - r + 6, z, ^)g{r, ^) dA{^)dr = [ [ -^^^{s - r + e, z,^)g{r,^) dA{^)dr. 
Jo Jc Jo Jc OS 

Adding the previous two equations together, we have (let gs{z) — g{s, z)) 

^ + Urp^^u}j (s, z) = e-"^^" [gs] {z) '-^g{s,z) 

in L'^{C) for each fixed s. If gs e C^(C), then the convergence is uniform (as a consequence of 19J). We 
need to show that limj^o u^{s, z) — u{s, z). But this follows from writing 

I \ f \ [ ( c\Hrp{s-r + e,z,^)- Hrp{s-r,z,^) 
Ue(s, z) — u(s, z) — e / / g(r,t,) — dA[t_)ar 



JC 



and using the size and cancellation conditions for ^^f^ in Theorem 14.21 Theorem HTTUl (the (0,£)-case is 
proved in [2I])- The final fact we must check is that linis^o u{s, z) = in L^(C). This, however, follows 
from the fact that e~*''-'^p is a contraction in for all s > 0. □ 

We next prove a uniqueness result for solutions of 

Proposition 6.2. Let t > and ui and U2 satisfy @). Ifui,U2 € C^((0,oo) x C) and are in i^(C) for 
each s, then ui — U2. 

Proof. We will use the fact from that for r > 0, there exists C — C{t,p) > so that ||/||l2(c) < 
C\\Zrpf\\L^(C)- Since ui,U2 satisfy (O, it follows that h{s,z) = ui{s,z) — U2{s,z) satisfies + Drp)h — 
and h{0,z) = 0. Let g{s) = \h{s, z)\'^ dA{z). Note that g{s) > and || = ZrpZTph. Consequently, 

dh 



ff'(s) = 2Re( / ^Js,z)h{s,z)dA{z)) 



/ ZrpZrph{s, z)h{s, z) dA{z)^ ^ ~^ \Zrph{s,z)f dA{z) < 



= 2Re 

Since g is nonnegative, g{0) = and g'{s) < for all s, it follows that g{s) — for all s. Thus, h{s, z) = 
for all s, z e C. □ 

6.2. Mixed Derivatives of Hrp{s, z, w). We now derive a formula to express Y''Hrp{s, z, w) using Duhamel's 
principle. 

Proposition 6.3. Let t e M and e (nj). If 
1^1-2 k 

H^pis,C,w) =J2 [lln,\_.,)[arp,i,nj\_k-l]Y''-''-^Hrpis,^,w) + prp^^,Y\j\]Y'-'Hrpis,^,w) (8) 

k = 4=0 

where Hf^o ^./|-« = ' ' ' Y\.J\-k, then 

Y-^Hrp{s, z, w) = lim / Hrp{s, z, ^)Y-'Hrp{t, w) dA{^) + f f Hrp{s - r, z, OH^pir, ^, w) dA{()dr. (9) 
*^"Jc Jo Jc 



Proof. Observe that ^ commutes with Yj for all j, so 

+ Drp^^') Y'Hrpis, C, H = >| J| + nrp^i)Y'-^Hrp[s, ^, w) + [O.p.^, Y\j\] Y'-^Hrp{s, ^ w) 

= Y\j\Y\j\_^ + Urp^^Y'-^Hrpis, t W) + Y\j\ [Drp,i, 1| Y-'-^Hrp{s, ^, w) 

+ [nrp,^,Y\j\]YJ-^Hrp{s,^,w) 

k=0 !=0 

But Htp{s^S^,w) is annihilated by the heat operator, so 

+ Drp^c) e, w) - Hi^{s, t w). 

Y-^ Hrp{s + e,z,w) satisfies ^ with initial value Y'^ Hrp{e, z,w) and inhomogeneous term H:^p{s, z,w). 
By Proposition 16. 11 sending e ^ in the second integral finishes the proof of the result. □ 

In order to use Proposition 16.31 we must understand [Di-p^z, Yj] . Certainly, if Yj = Wrp.w or WVp,u;, 
[□rp,z, Yj] — 0. For the other cases, it is helpful to recall the expansions of Drp and Drp- Recall that 

□ = --^ +T-^^ +T^ — — +T (—— - ——^ (10) 
'^^ dzdz dzdz dz dz \dz dz dzdzj 
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_ Qi ^ ^dp dp ^ / dp d dp d \ 

'^^ dzdz dzdz dz dz \dz dz dz dz J 

1a 1 a , '''^ iw |2 , * ^ dp d 



and 



As noted above, D^-p and D^-p are self-adjoint operators in L^(C), and since they are not real, their adjoints 
in the sense of distributions do not agree with their L^-adjoints (on any functions in both domains, e.g., 
functions in {£■)). If X is a differential operator, denote its distributional adjoint by X'^. Note that 

Zfp = -Wrp and Z* = ^Wrp. 



Proposition 6.4. Let 



Since Mrpf{^,w) = e*^'^("''«) ^e-'^^("''«)/(^, w), we have the following: 

(a) [Drp,^, Zrp,^] = -2r^_ - 2T-^Zrp,^. 

(b) [DrpX,Zrpx] ^"^T-^^Zrp,^. 
52„ 



(c) [nrp,i,M^p^] = - e{w,OZrp,i + e{w,OZrp,^. 

(d) [A4f,Zrp^^] = -e{w,0- 

(e) [M«'-,Z,p,^]=^(^. 

Proof. The proof is a computation. Parts (d) and (e) are proven directly from the definitions. For (a), 
/ d'^'p \ d^p d^p 

[Drp^^,Zrpx] ^ Zrpx{Orp,^-Drp,^) = Zrp,^\^-2T-^^j " "^^^^5^2 " 

(b) is a similar computation. To prove (c), observe that 



[D^p,^, M^p-]f = [M^p-,Zrp.^^]Zrp,cf - ZrpAZrp.^O M^p^]/ = -e{w, OZrpf + e{w, OZrp,^f + ^^^^^^ f , 



and ^(^t^''^)) = — ^Q^g^-* , and the result follows from (d) and (e). □ 

Proposition 16.41 underscores the importance of conjugating the r-derivative by an oscillating factor. ^ 
and || are not controlled by Ap and /ip while \e{w,^){w — $,)\ < A(^, |w — ^|). 



6.3. Digression — Discussion of Strategy. We will prove Theorem 14.21 and Theorem 14.101 in part by a 
double induction. In order to understand the double induction, it is helpful to investigate ([5]) and ^ further. 
Let Y'^ e (nji). From p2], we have the desired bounds for n — and £ arbitrary. Thus, it is natural to 
induct on n. 

Assume that Y' = ^"(M^p™)". From dH), it is clear that we will have to understand 

k 

( n Y\Jh^) Prp,o Y^j^_k-i]Y-'-''-^H,pis, w). 

t=0 
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If = Wrp,w or Wrp,w, then the commutator is because the terms commute. If Yj = M^^, 

then 

k k 2 

k 

4=0 

Ah three of the terms in the right-hand side involve (n — 1) appearances of M^'^ , so presumably they can 
be controlled by the induction hypothesis on n. 

If, however, Y\j\_^_i = Z^p, then [Drp, Zrp] = 2T^^^Zrp,^, then we must estimate 

r / H,^{s - r,z,0(llY\j\_,)T^^Zrp,^Y^-'^-'-'Hrp{r,i,w)dA{0dr. 
Jo Jc ^ o'?C? 

As written, this integral is not good because the second term in the integral is not covered by the induction 

hypothesis - M^p" appears n times. However, there exists a ^-derivative term before any M|p"-term , so we 

can integrate by parts. Specifically, (Ilf=o ^IJ] -»)"'" ^g^g^"* Z^p.^Y^'^^^''^^ can be written in one of the following 
two forms: X^^X^X^^ (r^)^^^,^^!-^!-'^-^ or X^^T-§^Zrp,iY^ '^-''-'\ The form depends on whether or 
not Ztp,( is the first term that involves taking a ^ derivative. The integral then becomes 

= r f H,p{s-r,z,OK'X^X"'{r^'^)Z,p,^Y\'\-^-^H,p{r,i,w)dA{Odr 
Jo Jc 

= /' / X*Hrp{s - r,z,OXS^X'^^T^^Zrp,iY\'\-'^-^Hrp{r,^,w)dA{Odr 
Jo Jc C?o'? 



or 



r f H,pis-r,z,0(]JY^J^_^T^^Zrp,^Y\■'\-''-'Hrp{r,^,w)dAi0dr 
Jo Jc ^;^o 

= /' / Hrp{s-r,z,OXS^{T^^)Zrp,^Y\'\-'^-^Hrpir,^,w)dA{^)dr 
Jo Jc ot,(yt. 

= - [ [ WrpAT^^Hrp{s-r,z,dxZ'Y\'\-''-^H,p{r,^,w)dA{Odr 
Jo Jc '- c^c? J 

In both integrals, the number of M^^' terms remains n, but the number of derivatives in w and ^ is (£ — 1). 
This suggests that we ought to induct in £, so the (n, £ — l)-case is covered by the induction hypothesis. 

Our goal is pointwise estimates oiY"^ Htp{s, z, w). The complicating factor is that the induction hypothesis 
needs to include both a size estimate and a cancellation condition. 

6.4. Preliminary Computations. It is convenient to use the shorthand = %zidi^ • With this 
notation, 

P{w)= ^ a''jf,{w - zy {w - zf . 

j,k>0 

The following estimates will be useful. 

Lemma 6.5. Let c > and e > 0. With a decrease in c, we have the hounds 

(a) e-'^^^e"'^^^^^^^ |V[„e(w, C)| < e-"^^e"'^^^^«^^ r"^ min{s-^-^ i)"^"'}. 

(b) e"'^^^^«^^ |V^Ap(0| <e"'^^^^«^^ T-^mm{s-^-\np{i,^)-^-^}. 
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(c) 



(d) 

Proof. First, 

\yi^e{w,0\< sup |a|j|e-^r''-i-^ (12) 

3+fc-l-f>0 

and 

|V|Ap(0| - \a%\ 
for some j, k satisfying £ + 2 ~ j + k and j,k> 1. 
Next, with a decrease in c, 

< C„., ,^J';,/'«;f' " e-''^e-'(^)'. (13) 

Since A(^,/ip(^, l/r)) ~ 1/r, combining and finishes the proof of (jg). The proof of jb} is simpler. 
< Mp(Ci 1 /''') "' '^^ For the other inequahty, use the previous inequality and (fTS]) with a = and 

The proofs of (jg) and (|d| are similar. We can write p{£) = "a/3(f ~ ~ so 

= l^^-.fc E - wr-'J^^Y-''\ < sup |a-^|C - wr+^-^-K (14) 

Since |V^Ap(^)| ^ |a^j,| for some j, k satisfying j > 1, k > 1, j + k = £ + 2, it follows that (with a decrease 



m c 



g-c ; g Vmp(S.1/t)^/ g Vpp(ra,l/T)': / 



7; 



;3>fc 



Aip(w,l/T)-J+'= 



g-*^ ' a e ''^A'p(«.° /t)^ ) g '^(mp(™.1/t) 



Tfip{w,l/TY+^- 

The other cases are handled similarly. □ 
Proposition 6.6. 

/ ^ V- 1 aJ+'=+V(w),^ ,,7- rk V- 1 9^'+'=+V(w^) ^,77 Tfe 

e(«.,0 = -e(^,-)- E 7!a:i^^;;J^(^--)^(^--)' = -E-!^^^^^ 

j.k>l ■' 3>i 
- k>0 

Proof. Since p(C) = E™,„>o ;st£^(^ " u')'"(e^", it follows that 

71>1 
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Thus, 



7n,n>l i— 1 

the desired equahty since X^Jli (™)(^1)"' = ^1 if ^n>l. □ 



■'3 = i \j, 

Another useful equahty is 



j!fc! 

Ti>A: 



An immediate consequence of is that A(z, |w — z|) < e^A(w, [2; — w|) and 

A{z,\w - z\) ^ A{w,\z -w\). (16) 
The appears because ^.^-^ -jj^ < e^. 

Corollary 6.7. Lei s > and z,w & C so that \z — w\ < s^l"^ . There exists a constant C depending on 
degp so that if ^ d C, the following holds with a decrease in c: 

(i) |e-^^V"e(«;,e)| < Ce-^^s-("+i)/2A(z, ^1/2). 

(ii) |e-^^A(e,si/2)| <^g-c^^(^^^i/2)^ 

Proof Proof of (i). If z\>\^-w\, then by (fTS]) 

j>m+l 

i+fc>m+l 

with a decrease in the constant c. If |C ~ 'fi'l > 2|z — w\, then |^ — w| ^ |^ ~ z|, and we can use the same 
argument just given. If |^ — < I'? — w| < 2\z — w\, then i|z — w| < |^ — w| < 2\z ~ w\. Therefore, by 
Proposition 16.61 and 

j + k>m+l j+k>m+l 

(ii) is proved using similar methods, namely with (|15p and the exponential decay. □ 

7. Cancellation Conditions and Size Estimates for Y-^e~'^^^p 

We start by defining objects which will allow us to control the numerology in the induction. 

Definition 7.1. Let n and £ be nonnegative integers. We say that Hrpis, Zjw) satisfies the {n,£)-size 
conditions if there exist positive constants C|,/|, c, and e — e{n,£) so that for any Y"^ S {n,£), 

\Y-^H,p{s,z,w)\ < Ciji ^^^'^f e-"^^e"'^>-p'-°^/-'^^ e-=(^^;?^w) . (17) 

We say that Hrp{s, z,w) satisfies the {n,oo)-size conditions ii Hrp{s, z,w) satisfies the (n,£)-size conditions 
for all integers £ > 0. 

Notice that the (n, ^)-size condition is not as good as the decay in Theorem 14.21 It is, however, what the 
induction argument yields. 

Definition 7.2. Let n and £ be nonnegative integers and Y'^ S {n,£). We say that H^^ satisfies the 
(n, £)- cancellation conditions if there exists a constant C^^„ so that for any {s,z) € (0,oo) x C with 6 < 
max{/ip(z, l/r), s^} and ip e C^{D{z, 6)), then 



Y'^ Hrp{s, z, w)(p{w) dA{w) 



A(z A')" 1 1-1-1 

^^\J\^T^(\P"MW) + ^'Pr^ 4mc)) (18) 
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if i is even and 
\Y-^H%[^]{z)\ = 

(19) 

if I is odd. We say that H^^ satisfies the (n, oo)- cancellation conditions if iJ^^ satisfies the (n, i?)-cancellation 
conditions for all ^ > 0. 

If ip satisfies the hypotheses of the test function in Definition l7.21 we will call ip a cancellation test function. 

7.1. Reduction of the General Case. As discussed above, we will prove the size and cancellation con- 
ditions by inducting on both n and £. In this spirit, we reduce the problem from analyzing Y'^ Htp{s, z, w) 
and Y'^H^plip] for a general Y'^ E {n,£) to Y"^ of the form 

F'' X'^i(M^^^)". (20) 

Since Theorem 14.21 and Theorem 14.101 are already proved for n = [121 1^ i we can assume that n > 1 . 
Moreover, Y'' = (M^^™)" is already in the desired form, so we may assume that £ > 1 and Y"^ is not in the 
form X'^^{M^-p-^. 

For k < £, assume that H^^ and Hrp{s, z,w) satisfy the {n — 1, A:)-cancellation and size conditions, 
respectively. Since n,€ > 1, we can write Y'^ — Y^^ M^^" XY^^ . The technique for handling X = Zrp.z or 
Ztp,z is the same, so we will assume that X — Zrp.z- In this case, by Proposition 16. 4( 

Y'^M^p'"Zrp,zY'^ = Y''Zrp,zM^p'"Y'' + Y''^{^Y'\ 

The second term can be written as a sum of (rt — 1, A;)-derivatives where k < £ ^ I. Using Lemma 16.51 it is 
straightforward exercise to use the (n— 1, fc)-size and cancellation conditions to check that Y^^e{w, z)Y^^H^p 
and Y^^e{w,z)Y^^Hrp{s,z,w) also satisfy the (n, £)-cancellation and size conditions. We iterate the com- 
mutation process for Y^^ Zrp.zM^^^Y^'^ , dealing with all of the error terms from the commutators as before. 
Thus, we can reduce Y"^ to the form in (j20|l . 

7.2. Computation of J^Hrp{s, z, C)Y-' Hrpie, C,w) dA{(). If F"' = X'^i (Af^^"')", then X'^i = C/^Xf where 
U = -X* and X-^^ e (0, | jj). The reason that we reduce F"' to J7^Xf (M^^"")" is the following theorem 
and corollary. 

Theorem 7.3. Let r e R, n > 1 and Y'' = f/^Xf (M^^"')" G {n,£). Then 

hm / Hrp{s,z,0KX^{A4p^-Hrp{e,tw)dA{0 = (-1)1^1(7^ [r(u;, z)"C/fi/.p(s, z, 0] 

where r{w,£,,z) ^ 2lm{J2j^k>i"-%i'w - OH^ ~ 0'') ■ 

Using the (0, £)-bounds from Theorem 14.21 and Theorem 14.101 and Lemma 16. 5i the following corollary 
shows that lime^o JcHrp{s, z,S,)U^X!^{M^^)"Hrp{£,£,,w) dA{£^) satisfies the bounds for the (n,^)-size and 
cancellation conditions. 

Corollary 7.4. Let U^,, X^, and n be as in Theorem \7.3\ If 

frp{s,z,w) = {-\)\P\UZ[r{w,i,zrulHrp{s,z,0] 

then: 

(1) \frp{s,z,w)\ is bounded by the right hand side of f J7| ). 

(2) If Lp is a cancellation test function, then \ frp[s, z,w)p{w) dA{w)\ is bounded by or I119\) . 
depending on whether \a\ + \(3\ is even or odd. 

The proof of Theorem 17.31 is essentially combinatorial, and we have to establish some facts first. 
We have the following: 

Proposition 7.5. 

T{w, z) = T{w, + T(e, z) - riw, z). 
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Y'^ Hrpis, z, w)(p{w) dA{w) 



< Q 



\J\- 



{S\\D 



TP P\ 



LHC) 



To prove Proposition [731 we need the following combinatorial fact. 
Lemma 7.6. Fix integers k and n so that < k < n. Then 



j=k 



n\ (j\ ^ \ i-ir k = n 
J J \kj I k<n 



Proof. Let s(n, k) — X]j=fc(~l)"' (j) (fc) • The fc = case is standard. Indeed for n > 0, the A: = case follows 
from the expansion of (a; + y)" with x ^ 1 and y = —1. Recall that {"^^) — (") + If > 1, then 



n+l 



j=k 



n+l 



\i ) \ k I ^-^ V 7 — 1 / \k 



- ^(n. ^) + (;') ((i) + 0) - ') - G) © - »(- ' - 1) 

— s{n, k) — s{n, k) — s(n, fc — 1). 

Thus, s(rt, fc) = — s(rt, fc — 1) = • • • = (— l)'^s(n — A;, 0), and the results follows from the k — Q case. □ 
With our combinatorial lemma in hand, we prove Proposition 17.51 

Proof. (Proposition \7.5^ . Recall that T{w,z) — — 2Im(5^^>-^ ij ^'q^P (w ~ ^V)- The strategy is to expand 
^ about e P{z) = E„,.>o ;im9Sp^(- - Then 



l>0 



so by Lemma l7. 6 



j>0 ■' j>0 ">3 



EES (") © i W<= - «"-^^'<- - - 



7">0 ">j fe = 

«>0 



n I n 



^ E E (0 - - 0' 

^^^^ n!£! 9e'9^"^ ^ ^ 

^Ei^(»-o".E^^I^'^ E i?^^''-^>' 

n>0 ^ «>0 ^ n,£>l ^ ^ 

From 20J, T{w,0 = -2Im(Ej>o J^^i^^ " 0') and T{z,^) = -T{^,z), and we have 

T(w;,z)=T(w;,e)-r(z,0-2Im( ^ (x^, _ ^).'- (73^^) 

jM>i 



The following combinatorial results will help us with the bookkeeping in the proof of Theorem [731 
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□ 



Proposition 7.7. For n > 0, let < k < n and < j < n ~ k. Let {7^'^^} be a set of numbers so that 
70'*^ — 1 and j"'^ — 7"' "'^ = for all j, k, n. If 7"'''' satisfy the recursion relation 

n.k n — n—l,k n—l.k — 1 

then 

Proof. We induct on n > 1. 7g'° = 1, 7^'" = — 1, and 7q'^ = —1, as predicted. Assume tlie result liolds at 
level (n — 1). Then 

n 

k J \ j J ^ ' \kj\ j — ij ^ ' \k — 1 J \ j 



^n,k ^ (_i)j+fe fn-l\fn-k-l\ ^_^y+k+i fn-l\fn-k-l\ ^_^y+k-i fn-l\fn-k 



(-1) 



,+k (»-!)! (I , 1 , 1 



(fc - l)\(n -j-k - l)!(j - 1)! \ jk k{n - j - k) j{n ~ k - j) 
n\ fn~k 



□ 

We are now ready to prove Theorem 17.31 

Proof. (Theorem \7.S^ . The plan is to strip away Mrp terms from Hrp{e, S,, w). We cannot, however, integrate 
by parts since there is no r-integral. We can, however, use the product rule and Proposition l7.5l to effectively 
transfer M^-p away from HTp{e,^,w). For clarity, since Mrp will be applied to three different terms, we 
will use M"^" to denote q^'^t(v,u) _d_^-iTT{v,u) ^ rpj_^g proof is based on a repeated application of the following 
process. 

fiz,^,T)M^p^Hrpie,C,w) = ^(^f{z,^,T)Hrp{e,^,w)'^ - ^f{z,^,T) Hrp{e,^,w) 

- iT{w, z)f{z, T)Hrp{e, ^, w) + iT{^, z)f{z, ^, T)Hrp{e, w) - r{w, z)f{z, ^, T)Hrp{e, w) 
= M^p^ (/(z, t T)Hrp{e, e, w)) - M^p^fiz, ^ r) Hrp{e, w) - r{w, z)f{z, T)Hrp{e, w). (21) 

We now integrate by parts and use (PT|) repeatedly. 



Hrp{s,z,OU:X^iMirpn"Hrp{e,tw)dAiO = {-i f^K^'o'" / C/f 2, 0(^1^)"^-^ ^' ^) '^^(^) 

Jc 

= i-^fWo^' (m;,- ^ U^Hrpis, z, OiM^pn^'-'Hrpie, w) dA{0 
+ £ ( - M^^ulHrpis, z, i) - r{w, e, z)U^Hrp{s, z, 0) {A4pn"-'Hrp{e, ^, w) dA{0^ 



1 i-fc 



-l)""EE^l''^-(^-T)''''' / r{w,tz)''{M^^^yU^Hrpis,z,OiM^pn''-'Hrp{e,tw)dA{0 

n 71— k » 

■ - (-l)l''IEE v''^»(^^rT)""'"' / r{w,tz)'{M^p^yU^Hrp{s,z,OHrp{e,tw)dA{0 



k=0 j=0 
n n—k 



= (-1)"" E E 7T'XSiM?/r-^-''e-^°^^ [r{wr,zY{M-4yxlHrp{,s, z)] {w). (22) 
/c=o i=o 
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The problem with ([^^ is that we cannot commute Mrp across e ^'^^p. However, we can control the error 
term caused by the commutation. For a function / = fr{z,w), we have 



e-°-[Af;;/.(, w)]iz) + eM--"'[( ^'^°J ^ ) [/.(•, u;)](z)] + e[L^^) [M-;fM;w)]{z) 



By the spectral theorem, limj^o ■ 
well-controlled. Thus, 



□rp, and [DrpjM^^^] applied to a derivative of Hrp{s,z,£) is 



limM,^p'"(e-^°-[H,p(s,.,H](^)) = lim {e-'^^-[M-^^ Hrp{s, ■,w)]{z)) ^ M',^ Hrj>{s, z,w). (23) 



£^0 



By a repeated use of (^5)) , taking the limit as e ^ in ([^ , we have 
lim / Hrp{s,z,OUZXf{M^r^THrp{e,^,w)dA{i) 



J2 E lfXS{M?py^-^-^e-^0^^ [riw, z)''{Mr'^y H^pis, •, z)] {w) 
k=Q j=a 

n n — k 



lim 



(-1)"" E E Tf'^Se-^^- Hw, -.zfiMr'^Y-^XlHrpis, ; z)] (w) + e{OK) 

n n — k 



Since linic^o e "^^^^ = /, 



n n~k 



k=0 j=0 



n n — 

= (-1)"" E E ^7''^™ [^(^' ^)'(M.T)""'4^-p(^' ^)] 



k^O j^O 



By Proposition [7]7l and Lemma ITTGI 

n — A; 



E7r=(-if(^)EM 



n—k 



]=0 



^) =<5o(n-fc). 



This means k — so 

k^O j^O ^ 



□ 



Remark 7.8. We have showed that the first term in ([9]) satisfies the bounds of Theorem 14.21 and Theorem 
I4.10( so we can now concentrate solely on the double integral term. 

It turns out that for the remainder of this estimate, we will not need (or use) the fact that we can restrict 
ourselves to the case Y-^ = C/^Xf (M^^"')". 
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7.3. Cancellation Conditions for H^^. Unless explicitly stated, we now assume that t > for the 
remainder of the paper. The cancellation conditions for H^p are proven in stages. 

Lemma 7.9. Let n > 1. If H^^ satisfies the {'m,oo)-size and cancellation conditions for < m < n — 1, 
then H^p satisfies the (n,0) -cancellation condition. 

Proof Fix (s, z) G (0, oo) x C. Let S < max{/ip(z, 1/t), s^} and ip € C^{D{z, 5)). Let = {M^/^Y . From 
Proposition 16.31 and Remark FTSl 

{MPp^rHrp{s,z,w)^ r [ H,p{s-r,z,0{Mlp''[arp,i,M^f]{Mlp"-''-^Hrp{r,^,w)dA{Odr. 
Jo Jc 

However, [M|^-, [^^,5, M|-»]] = -2|e(w;, 01', so 
Thus, 



{M',p^rHrp{s,z,w)=n / i/,p(s-r,z,0Prp.«,^4"](A^r^r)""'^-p(^'^'H^^(^)'^^ (24) 

Jo JC 

-n{n~l) ( [ Hrpis-r,z,CMw,OfHrpir,^,w)dAiOdr. 
Jo Jc 

We now test against a test function. To estimate M^^H'^[ip]{z), we start with the second integral from [Ml 
We rewrite 

H^pis - r, z, e)|e(u;, (^(w) rfA(u;) dr 

'0 JC 

^ r j ff.,(s-r,z,e)(M«-)"-2ff;p[|e(,C)|V](e)dA(e)dr. (25) 
Jo JC 

We can estimate (|25|) with the (n— 2, 0)-cancellation condition, Corollary l6 . 71 and (in the case A = /^p(z, l/r)) 
Lemma l675l We have (with a possible decrease in c), 

7 r / ^e-^^e"'^^^^(^^'e"'^^^^<tw) A(^,A)"-2(|l|e(.,C)|Vll^ 

"Jo Jc S ^ T 

^ A(z,A)"-^ r / ^e-^e-^'^^^(^^^e-^^^^^^t^)7 sup |e(z«, [II^IIl^ + <5'||ap^lU=] 

Jo Jc '5 ^ ^ ^u)eD(z,(5) 

+ ,52 sup |Ve(w,0p||V(^||L2 +(5^ sup |v2|e(u;,0nil<p||L2) dA(Odr. 

w&D{z,5) weD{z,S) ' 

In the second line, we changed A(^, A) to A(z, A) and brought it outside of the integral. This is possible by 
reexpanding in terms of a|j, and using Lemma [6.51 If A = s^, we can apply Corollary 16.71 to attain the 
desired result. 

The case A = /.tp(z,l/T) requires a more delicate estimate. Note that A(2;,A) ^ 1/t. We bound 
D^\e{w,i)\^ for /c < 2. If < fj,p{z,l/T) and \^ - z\ < 2/Zp(z,1/t), then for w G D{z,6), \^ - w\ < 
fip{z,l/T), so 

\D'eiw,0\'<^. 

T'^SO 

If |z — ^1 > 2/Zp(z, l/r), then |w — ^| |z — 0. Also, ^ip{z, 1/t) ^ t^p{w, 1/t) since — w| < Mp(z, 1/t). By 
Lemma 16.51 (use the argument of Lemma 16.51 with fip{w, 1/t) and use the fact that 52 < ^p(w, 1/t)), 

g-c '"lt'^ g'^^I^MpC^, 1/^)2 -''e~''''^p«,i/x)2)' j)fc|g(-^^^^\|2 < g-c '"'';.'^ g~'^'^Mp(^.i'/^)2 ^'g~''^Mp({,i/x)2 \ 

Then we bound ([25]) by 

Cn ,u u r2||r-i II \ f f 1 _c^-^i£ ^ / j2 1 



„ -(||^|U2 + S^Drp^U^) / / e-^^ dAiOdr < -^AMl^ + 6'\\Drp^\\L^), 

T so Jo Jc ^ ^ ^ ^ " 
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the desired estimate. If /ip(2, l/r) < 6 < S2, the integral in (|25p can be bounded as foUows: 
Hrp{s-r,z,0{M^-p''-'Hrp{r,^,w)\e{w,Ofv{w)dA{OdA{w)dr 

1 1 -^(7:;(iW)^-^(^;?;ri7TF)' 



< 



< 



-e-"^^ e'^^^e ^^-vH.^/^)'' e ^>^pi^.u^y'' \e{w, ^)\^\ip{w)\ dA{^)dA{w)dr 



The integral from to | is estimated similarly. 

To estimate the first integral in (I24p tested against a test function, we concentrate on each term of 
[Drp,^, M^^] from Proposition 16.41 separately. They are handled analogously, and we will only discuss the 
Zt-p_^(M|p^)"^^ term. Although the operator Zrp^^{M^^)"^^ is an operator of order (ri — 1, 1) and hence 
under control, if we naively applied the {n — 1, l)-cancellation condition, the result would not satisfy the 
(n, 0)-cancellation condition estimate. Derivatives of too high an order would appear. Instead, we bring the 
Ztp4 onto the Hrp{s — r, z, ^) term. 

H^p{s - r, z, Oe{w, O^.p.c (M«p"')""'i?rp(r, w) ipiw) dAiw)dA{^)dr 



JC 



JC 



JC 



Wrp,iHrpis-r,z,0 iM^p^'-'H;pi;Om)dAiOdr 

H^pis - r, z, {M^rpT'^Kp [^^^] (0 dAiOdr. (26) 

The argument for ([^B]) is essentially a repeat of the argument for P5|) . Also, the n = 1 case is handled easily 
using the arguments for the n > 2 case (in fact, the proof of the n = 1 case is contained in the proof of the 
n — 2 case - no commutators are needed) . □ 

From [B], we have 

Lemma 7.10. // |z — CI > Mp(Cj then there exist constants C , M, and S — so that 



Mp(Cl/r) / \z-C\ , t^pjzAM ( |z-Cl 

Hp{z,l/T)- yUpiCA/r)) Mp(C,l/r)- Vp(Cl/r) 



1-5 



In [B], Christ only finds the exists of (5 > so that the second inequality holds. However, using reverse 
Holder classes and the techniques of [22], we can explicitly find 5. We omit the computation because we will 
only use that 5 > 0; a quantitative estimate of S is not necessary for our work. 

Lemma 7.11. Let n> I and £ > I be integers. If H^^ satisfies the {j, oo)-size and cancellation conditions 
for < j < 71 — 1 and the (n, k)-size and cancellation conditions for Q < k < i — 1, then H^^ satisfies the 
(n, £)- cancellation conditions. 

Proof. Let Y'^ e {n,£) and (p G C^{D{z,S)) where S < max{/ip(z, 1/t), s^/^}. We start by reducing 
Y-^H^plip] into integrals for which our inductive hypothesis is valid. 
By Proposition we must estimate 

r / / H^pis - r, z, e) ( n y\J\-^) Prp,i^ Y\J\-k-i] Y'-'^-^H^pir, w) ip{w) dA{w)dA{S,)dr 

Let (^nf=o^^|-j) ~ l-^l = k + 1). The commutator [nrp^j, is nonzero only if yj,7|-fe-i 

M^^ or X^. If yjji-fc-i = M^p", by Proposition [HUl the integral to estimate is 

,2 

JcJc ^ d^dS, 



Hrp{s-r, z, (- OZrp,i + eiw, ^Zrp) Y'-'^-^Hrpir, w) ipiw) dAiw)dA{Odr 



(27) 
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When = X^, the integral to bound can be written as 

lo Lie ^^P^'"''' ^^^"^ (^^^^^^P'^+'^'^^^^P'^+'^^^P) ^'^'^'^rpir, ^, w) v{w) dA{w)dA{Odr 

(28) 

where Ci, i = 1,2,3 are constants that depend on whether X^^ — Zrp,^, ^rp,^, etc. In the case Y\j\^k-i ~ 
Mp^, the operator Y^Y'^-^-"^ e {n-l,l) so even after factoring ( - + e(w, O^rp^i + e(w, O^rp) into 

the derivative, the derivative is at worst an (ti— 1, ^+l)-derivative and covered by the induction hypothesis. In 
the second case, y^y-^-^-s ^ €—1), so after taking (ci ^^^jf^ Zrp,^+C2 Zrp^^+cz ^q^q^I ) into account, 
the derivative can be an (n, ^)-derivative. Thus, we cannot immediately use the induction hypothesis. We 
can, however, integrate by parts to bring a ^-derivative onto the H-rp{s — r, z,^)-term and use our size and 
cancellation conditions to estimate the integral. 

Fortunately, the estimations of ([77]) and (pS)) can be done in a similar fashion, so we only present the case 
^,7|-fc-i = ^^Ip"- In ((27|) . the commutator [Drp.^, M^^"] creates a sum of three terms. Each of these terms 
can be estimated with the same techniques, so we only demonstrate the estimate of 



Hrpis - r, z, or'' {eiw, OZrp,iY'-^-'' Hrp{r, t w)) ^(w) dA{w)dAiOdr 

('KuK, f j f H,p{s~r,z,ODf'eiw,OY''''ZrpxY'''''^H,p{rA,w)ip{w)dA{w)dA{Od^ 

\Ki\ + \K2\=k+l •'^ JCJC 

To integrate by parts, observe that we can write Y^^Z^p^^ = Y""^ X^^Y"'^ where Y"^ is composed only of 
M|^™, Wrp,w, and Wrp,w This means is the first ^-derivative. Of course, commutes with W rp.w and 
Wrp,w Also, [Af|p",X^] = e(w,^) or e(w,^), we can commute X^ by M^'^ with an error of e{w,S). Thus, 
with the convention that = 1, 

|ai|-l 

= x^Y\j\ ■ ■ ■ + Y\j\--- i|j|_„+i • • • i| 

Consequently, 

Hrp{s ~ r, z, i)D^^e{w, i)Y^^ Zrp,(Y-^-^-'^li^p(r, w)if>(w) dA{w)dA{^)dr 

Jo JCJC 

I I I Hrp{s-r,z,ODf'<w,OY\.j\---Y\.j\-,+i[Y\.j\-,,X^]x 

,_n JO JCJC 



Jc Jc 



j=0 



>| Jhj-1 ■ • ■ Y\j\_\^^\+,Y"-Y-'-^-'Hrp{r, t w) ip{w) dA{w)dAiOdr. 



The integrals in sum can be handled using the size and cancellation conditions from the induction hypotheses 
in the same manner as the first integral (after we integrate by parts in the first integral). We only show the 
computation for the first (and most difficult) integral. 

/ / / Hrp{s-r,z,C)Df'eiw,OXiY\j\---Y\j\_\^^l+,Y"-Y''-''-^Hrp{r,C,w)ip{w)dA{^^^ 
Jo JcJc 

{X*Hrp{s - r, z, ODf'eiw, ^ + Hrpis - r, z, O^c^f e(«^, 0) x 



JC JC 

1| j| • • • >| ji-iai|+i>^"^5"''"'"'i^rp(r, w) ifiiw) dAiw)dA{Odr 



The two integrals can be estimated with the same size and cancellation condition argument, and we will 
show only the estimate of 



10 JC 



xfHrpis - r, z, ODf'eiw, OY\j\ ■ ■ ■ >| j|-|ai|+i>""^i"''-'"'i?rp(r-, C, w) ^(w) dA{w)dA{S,)dr . 

(29) 

Note that Y|j| ■ ■ ■Y\j\_\a^\+iY"-^Y^-^~'^ G (If we had chosen Y|j|_fe_i = , we would have a 

similar integral with a derivative of Ap replacing e{'w^£) and Y\j\ ■ ■ ■ Yjj|_|cj|_|_iF"^y"''^'^^^ € (n, \Ki\)). 
Our induction hypothesis applies. We break the s-integral in (j29p into two pieces and estimate each piece 
separately. 

We show the argument for i and ji^il even, but the cases when at least of £ and £ — \Ki\ are odd is done 
similarly. For < < s/2, {s — r) ^ s, so 



/2 

"'C 
f.s/2 



X*Hrp{s ~ r,z,ODf'e{w,OYiJi ■ ■ ■Y^j^^^^^^+,Y''-Y-'-''-^Hrp{r,^,w) ^{w) dA{w)dA{Odr 



< 



f f Xfi?.p(s-r,z,e)l|j|--->|j|-|„,|+ir"^r'^-'^-'i/;p[i?f e(.,C)^](0'^^(Odr 
Jo Jc 

+ 52|p|^^-l^il)+i(ni^ie(.,0^)||i.)dA(C)cir. 



The two terms are handled similarly, and we show the estimate of 
Since 

hi\+f2\=e-\Ki\ 

it follows that 



JC 



< E / / e ^.p(.,i/.)^e-S.,K,i/.)-^ V^' \\D'''D^'e{-,0X''^f{-)\\L^dA{Odr 

(30) 



To estimate A(2:, A) and D''^D^^e{w,£,), we turn Lemma 1531 Corollarv l6.71 the proofs of these two results, 
and (|14p . With a decrease in c, we can bound 

e-'=^^e~''''f (''i/-'" e"''''f K-'i/-)" A(^, A)""^ < e"'=^^^e~''^p<-'i/-)' e"''''f« A(z, A)""^ 
Also, again with a decrease in c, since |z — w| < S, 



e 



< f'-^^^f' %p(-.v-)-e """pK'!/-)^ min{A(z, si/2)s-^(i+l^^il+l'^il), Vp(C, l/r)-(i+l^il+l''il) 



e " e 



< e-=^^e '^p(-i/.)-e ^'p«.v.)- A(z, A) min{s-^(i+l^'il+l''il\ /Zp(2, l/r)-(i+l^il+l'^il)}. 

In this previous string of inequalities, the first estimate uses Lemma l6 . 5 1 while the second inequality is justified 
with Lemma 17.101 and a reduction of c in the exponent to control terms of the form (\z — ^|//ip(z, 1/t)) 



Thus, choosing an arbitrary term from pop . we estimate 



Jc s^'^ 





s/2 



<\\X^''(P{-)\\l2 [ [ J-e-'^^-^e %p(-°v.)-e 'v^)- sup \D'''D^'e{w,£,)\dA{Odr 
Jo Jc ^ " toesuppi/3 

(31) 

< , A(z,A)" /■ / /■ l^_^i^^-c—^-^^^c—^^^ 

^^^^^ 6miix{si,fip{z,l/T)y+\Ki\+hi\ Jo Jcs^^ 

< , A(z,A)" ^1/2^ 

^ ^" (5max{si/ip(z,l/T)}i+l^'il+l7il 

From pr, we know ||^|iL2 < V2S\\Xj(p\\L2 for j = 1,2. Also, from [2^, if X" e (0,£), then \\X'^ip\\l2 - 
Ipi/VllL- Thus, since |7i| + I72I ^i-\K,\, 

" <5max{si,Mp(2,l/T)}i+l^^il+l7il ^ 5 " ' 

the desired estimate. 

We have one integral remaining to estimate. If A = y/s, then we can use the integral estimate as the 
< r < s/2 case. We can follow the estimate line by line, except for two differences. First, we cannot 

replace s — r with s. However, this is not an issue e < e^^ s ^ so the the use of CoroUarv 16.71 to 

bound e^"^^^ \D^^ D^^e{w, ^)\ remains unchanged. To bound e"''^^ A(^, A)""i < e"''^^ A(z, A)""\ 
we have (using the arguments of Lemma 16.51 and (I15|) ) 



j,k>i i,fc>i 



>fc 

s("+/3- 
1^ _ 2|a+/3-J~fe 



I, ,|2 „(q+/3— j — fc)2 , ,|2 



7,/c>l ">J 
- /3>fc 



As usual, the bound comes with a price of a decrease in c. Last, the line of argument in (I3ip proceeds line 
by line, replacing s — r with s. Since A = {/ip(^, -s/s}: max{s2 , /ip(2;, 1/r)} = ^p{z, l/r). 

Thus, the final integral to estimate is from s/2 to s in the case that A = fj.p{z^ ^/t)- In this case, S < -^/s 
and A(z, A) ^ l/r. We use size estimates to bound the integral. Using Lemma [6?5l we estimate 



X*Hrp{s ~ r, z, ODf'eiw, 0>|.7| • • • Y\j\_\^^\+,Y''-Y'-''-^ Hrp{r, t w) ipiw) dA{w)dA{^)dr 



s/2 JC 



< 



< 



I^HI X^J^(^Z^e--^|Z^^^e(^,OI ^„,;7(,;,|^,) ^ dAiOdrdAM 



1 je-.l^ 



I'^HI / / 7 ( 1/ „ ^(1+^) ^ '^^i^' e ^^^^i^TT^' dA{OdrdA{w) 

J s/2 Jc (S - fy^' t^p{w, 1/t)I^iI + ^ T-ns2(l+<^) 



□ 

7.4. (n,^)-size estimates for Hrpis, z,w). 

Proposition 7.12. fix (?t.,^), < n < 00 and < £ < 00. If Hrp{s, z,w) satisfies the [n' ,oo)-size and 
cancellation conditions for < n' < n and (n, £')-size and cancellation conditions for < i' < £, then 
Hrp{s, z,w) satisfies {n,£)-size conditions. 
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Proof. As above, to estimate Y"^ Hrp{s, z,w) for J G {n,£), it suffices to estimate 

•■'1-2 k 

Hrp{s-r,z,i) J2 (]lY^J^^[^rp,^,Y^J^_k-2]Y■'-''-^Hrp{r,tw)dA{0dr 



"'C 



fc=0 1=0 



Also, by the conjugate symmetry of Hrp{s, z, w), i.e., Hrp{s, z, w) = Hrpis, w, z), it is enough to obtain the 
bound 

for some e > 0. 

We will estimate the integral for a fixed k. Let Y^ = H^Lo i^'^ \-^\ = k + I). The are three cases 

to consider: Yj^k-2 = , 

^rp.^^ or Z^p^^. First, assume Vj— fc— 2 — ^'^r'^f • this case, we must estimate 
H^4s - r, z, OY"" ( ~ - e{w, OZrp,^ + e{w, OZrp,() Y'-^-^Hrp{r, ^, w) dA{Odr. 



'-rp 



All three terms are estimated similarly, so we only show the estimate for the e{w,£,)Zrp^(^ term. Note that 
Y^ Zrp,(Y'^~''~^ e (n — 1), so we can apply size and cancellation conditions. We can write 

Y^'leiw^OZrp.iY'-^-^Hrpir^^^w)] = ^ CK„K,Df'e{w,OY'''Zrp,iY'-''-^Hrp{r,^,w). 

\Ki\ + \K2\=K 

It is enough to bound 

/ Hrp{s ^ r, z,OD^'e{w,OY''' Zrp,^Y''-''-^Hrp{r,^,w) dAiOdr . (33) 
Jo Jc 

If I < r < s, then r '--^ s, so by size estimates. Lemma |6.5[ and Corollary 16. 7[ 
^ Hrp{s - r, z, i)Dfe{w, Zrp.^Y'-'^'^ Hrp(r, ^, w) dA{£)d7 



< ; — e ^Mp(™,i/x)^; / / g c g c , dA{S)dr. 



„l+i(|i^l| + l+«+|K2|-fe) 



Note that if < \w - i\, then > il^-^^L and if > \w - i\, then > ^l^-^l- Thus, 

with a slight decrease in c. 



^A(z,A)" _^k^ -c( ^ ^, )' r /■ 1 , ^A(z,A)" j.-^i^ -c( , ° ^, )' 



s2+2 Js Jc s-r si+2 



the desired estimate. The estimate for < r < s/2 is more delicate. Let 5 = ^ min{/ip(?i;, l/r), s^} and 
ifw G C^{C) where supp(y5„ C D{w,2S). Let (/j^, = 1 on i(5), < (y9„ < 1, and \V^(pw\ < The 

first integral we estimate is 



Hrpis - r, z^OD'^'eiw^OY'^'' ZrpxY'-'-'Hrpir,^,w)ipUO dAiOdr 

= r Y'''Zrp,iY''-''~^Hfp[Hrpis-r,z,-)D'^'eiw,-Wn,]{w)dr. 
Jo 
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Y^^Zrp^^f-'-^-'^ e (n-l,|fs:2| + l + |J|-fc-2-(n-l))and \K2\ + l + \J\-k-2-{n-l) = £-\Ki\ + l. We 
can assume that £ — \Ki \ + 1 is even since the odd case is handled analogously. By the (n — 1,£ — \Ki \ + 1)- 
cancellation condition and using the fact that s — r ~ s, 



Y''^Zrp,^Y-'~^-''H-j^[Hrp{s - r, z, ■)D'''e{w, ■)^^] {w) dr 



< c„ 



A(z,A)^ 



LHC) 



dr 



Since the two terms can be estimated similarly, we estimate the first term. Since |^ — w| < ■^^p{w, f/r), 
fip{w, l/r) ^ fipi^, 1/t) and \e~"^^^^^ DPeiw,0\ < e'"^^^^^^^. Also, since S < ^s^/^ ^ - 



Thus, by Lemma 16.51 and Corollary 16.71 
A(z,A)"-i 



dr 



A(z,A) 



Tl-l 



E 



\U^^Hrpis - r, z, ■)D'^'Df^e{w, ■)D'^^if. 



dr 



|ai| + |Q2| + |a3|=<'+l-|i<'l| 



< 



A(z,A) 



ri-l 



1 ,„ N-SP -c 

e ^ e 



1 



(supp 



< 



A(z,A)^ 



„l+i(|0!l| + |Q2| + |A'i|+l) 



f 







A(z,A)' 



A(z,A)" 



gi(|ai| + |ct2| + |-ftri| + l+|a3|) 

The lemma will be proved once we estimate 



-g Pp(™,1/t)-' , 



- r, z, OD'^'eiw, ^Y'"' Zrp,^Y'-''-'Hrp{r, ^,w){l-^u, (0) dA{i)dr 



l-k-2 j 



JC 



This estimate will rely on size estimates. Since < r < I, e 



< e" 



Also, 



< g %p(™,i/x)^ ^ if s < 1^- w|/ip(u;,l/r). 



(34) 



Thus, we have (at most) two regions to consider: ^p{w, 1/t) < |^ — < ^ (w,i/t) ^"^^ 1^ ~ ''^l ^ ^ (w,i/t) ■ 
The second region is not included in the first region when s is large (relative to fJ-p^w, 1/t)). On the second 
region, by Lemma [^31 Corollarv l6.7l ((M)) . and with a (possible) decrease of c, we have 



k"-"'l^ pp(,.°i/x) 



Hrp{s - r,z,0^'^^e(u;,0i"'^^^rp,cr-'-'=-2iy,p(r,^,z/;)(l - ^„(e))dA(Od? 



< 



K->H>Pp(™,i/^) s-r r 
le- 



'Mp(™,l/T) 



.A(z,A)" _,i£^ -c , ' 



^A(z,A)" 
dAi^dr < \' / e- 



-pp(™,i/x)^ 



s — r 



r 



The key size estimates for the region fJ,p{w, l/r) < |C — w| < ^ (w i/t) fol^o'^ from the second inequality in 
LemmaOniand < j,;^^- Since |C - ^| > /..(^l/r), ^^^^ > (^4^)'-', so with a 
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decrease in c, 



> g ^ij,p(™ri/x)^ (mp(™°1/x)) j ^ g '=iMp(™°i/x)V (-35) 

With this estimate in hand, the size estimate follows from similar arguments as before. Indeed, with a 
decrease in c, 

H^pis - r, z, OD'^'eiw, 0^"-' Zr^.^Y'^'^--' Hrp{r, w){l - ^^(0) dA(i)dr 

■^Mp(m',1/^)<I'£-i"I< ^p(J,i/^) 



"'0 ■/A'p(m,l/r)<|g-m|< ^p(„'^y^) r 2^ 



Thus, in the case Yj-k-2 = M^p" , we have obtained the desired estimate. The remaining cases use no new 
ideas. If = Zrp.^ or Zrp,^, we must integrate by parts (for the term with the Zrp.^ or Zrp.^) as in 

Lemma 17.111 to put a Wrp.^ or Wrp,^ on Hrp{s — r,z,£^). At which point, we can use the (ri,,7)-size and 
cancellation conditions because the integration by parts guarantees that ^ < I. The integral estimation is 
then similar to the one just performed. □ 

Remark 7.13. The curious e in the definition of the (n,^)-size condition is explained by (|35p . 

7.5. Proof of Theorem [Hini 

Proof (Theorem \4-.l(^ . Proof by induction. The (0, cx))-size and cancellation conditions are proved in [19U21j . 
From Lemma [7751 Lemma F7.11[ and Proposition 17. 1 2[ it is clear that Hrp{s, z, w) satisfies the (n,£)-size and 
cancellation conditions for all n and £. Thus, Theorem 14. 101 is proved. □ 

7.6. Proof of Theorem 14.21 From the proof of Theorem 14.101 wc know that Hrpis, z^w) satisfies the 
(n,^)-sizc and cancellation conditions for all n and t. Thus, the remaining estimate to show to finish the 
proof of Theorem 14.21 is the improved long time decay. We will use an integration by parts argument. 

Recall a Sobolev embedding lemma from [2T] . 

Theorem 7.14. Let A = (ai, 61) x (02, 62) C 6e a square of sidelength S. If {xi,X2) G A and if f £ C^(A), 
then 

Using the method of argument of the proof of Theorem 17.141 we show 

Corollary 7.15. Let Ai, A2 C be squares of sidelength S, and let / = (tq — 7, tq + 7) C M. // {z, w, t) G 
Ai X A2 X / and if f € C^(Ai x A2 x /), then 

\f{z,w,r)f < ^ Yl ^'^7^'^r^/lli^(A.xA.x7). 

^ K={k,j)<{lA) 

Proof. For h e C^(R), /i(t) — h{x) + /J h' {a) da. Integrating in x over J, we have 

27|/i(t)| < \h{(j)\ da + 2-1 j^\h'{a)\ da. 
Applying Cauchy-Schwarz and squaring, we have 
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T{w,z) is R-valued, so if g{a) = e-"'^('^-^'''^'='^) h{a), 



then 



\9irr<^-jW)rda + ^ / \M,pg{a)\' da 



(36) 



To finish the proof, we apply Theorem 17. 141 to / twice: once in z and once in w (with Ui and U2 replacing 
Xi and X2) for each term from the z estimate. This gives 



16 



|/(z,^,r)p<i^ Y: ^^l^lr^/(-,-,r)|li.(^^ 



(54 

Applying (j36p to each term in the previous inequality finishes the proof. 



xA2)- 



□ 



Lemma 7.16. Let z,w G C and r e K and J e {n,£). If S,-f > 0, B = D{z, S) x D{w, (5) x (t - 7,t + 7), 
and F G C°°{B), then there exits C > so that 

Proof. Let -0 e C^{C x C x R) so that suppV- C B, tp{z,w,T) = 1, and \-§^W^ip\ < Cj^kS^^j-''. By 
Corollary [LSI 



\Y'F{z,w,t)\' = \Y'F{z,w,T)i;{z,w,T)\' <^ 5^^j^''\\Y^{v'F^j)\\ 



Since 



Y^{Y^Fili)\ 



LHB) 



nA; — All 



Jie(»i+fci,«+ji) 
0< Ji < j 
0<fci <fc 



Let xb be the characteristic function of B. Taking an arbitrary term from the sum, we have 



\{Y-'^F)V 



Qk—ki 



■■-'1 v\ \73-n 



Qk—k 



■-'1 w\ xji-n 



Qq-k-~ki 



Qk-ki 
Q^k ki 



■*)( 



^k — k\ 



< 



E 



Ke(,i+fci + fc},*+ji+jJ) 
3i+ii+j?=f+Ji 



Q^k ki 



Q'j-k — k\ 

Qk~ki_ 



nfe-fci 



Thus, it is enough to estimate 
1 



,547 " 



'7 



Qrj-k k\-\-k-^ 

1 



pkk — k\ 



Q^k — k\-[-k^ 

1 



||y^F|U»(B)||F|U»(B). 



SJ-n+fi^k-ki+kj ^]-ji+jl^k-ki+kl 

However, ^-2j+j-ji+j?+j-ji+j? = ^--in+jl+A ^ since + + j3 ^ ^ _^ Similarly, since 



|r^F(z,ii;,r)|2 



< 



1 



||y^>IU»(B)||F|U^(B). 



0< ji <4 
0<j} <t+i 



□ 



We will use Lemma [73£] to prove Theorem 14.2 
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Proof (Theorem \4.S^ . We now recover the superior estimates of Theorem 14. 2 1 Fix (s, z, w) € (0, oo) x C x C. 
Since Hrp{s, z,w) satisfies ([I}, it is enough to estimate Y"^ Htp{s, z,w) where J £ {n,£) since s-derivatives 
can be written in terms of Drp- 
We aheady have the estimate 

\Y"Hrp{s, z,w)\< ^ \' ^ e-^^ . (37) 

Since i > A(z, s^^^) means fip{z, l/r) > s^/^, ([57]) is the estimate in the r-smah case. Thus, we have left to 
show 

Let 6 — and 7 = ^r. Since r) ~ /ip(2, 2r) for all z with a constant depending only on degp, it 
follows that a) ^ lJ.p{z, l/r) for all a) G D{z,S) x (r — 7, t + 7). Thus, using the notation of Lemma 
17.161 we have F{z,w,t) = Hrp{s, z,w), and ||F-'^7Jrp||L==(_B) |F^-ffT-p(s, 2:, w)|- We bound \Hrp{s, z,w)\ 



itc ui ± iicuiciii I'd.z/i 11 uiii ciiiu |i 

(5 < s^/^, with a decrease in c, 



from the known (0, £)-estimate of Theorem 14.21 from [T5] and |F i/T-p(s,-z,w)| from Proposition 17. 121 Since 



|r^iJ^„(s,z,u')| < max (52"V5-"|r^i7^„(s,z,w)|5|i/ (s,z,w)|5 

KG(fej)<(2n+2,2£+8) 

< max ^f-^r^~" , \ , .,^ 6"°'' ™' e"'''"?''"'^/"''' e '"'^^T^TTT^ 

1 I _ ,2 _ 5 _ g 



□ 



8. Size estimates for Y°'Grp{s, z, w) 
We now turn to the proof of Theorem 14.51 



Proof. (Theorem\4-.5^. Since Grpis, z,w) = Grp{s,w, z), it is enough to show 



Ci 



\Y"Grp{s,z,w)\ < '-■'(-^/^'^ 
From Proposition [4?7l 

r"Grp(s,z,w) = - / r 



1^ . 



We expand Y" 



>p(2,1/t)2 

Wrp^wP[rpis,V,w)Rrp{z,v) dA{v). 

Wrp.wPtrpis, V, w)Rrp{z, v) and use Proposition 17. 51 to see 



Tp.wP^rp ( 

S, V, w)Rrp{z, v) 



— / J <^ 
i+«2+E"1iI3jI =f 

e("l.*l),a2e("2-'?2) 



i,a2,ft i""^ l^rp,»Hrp(s, W, w)Y''^Rrp{z, v) ( ^) 



It is enough to take one term from the sum and estimate its integral over C (in v). 

First, assume that |z — iwl > 2^p(w, l/r) and jz — > 2/ip(z, l/r). We decompose the integral into four 
pieces: near w, near z, and away from z and w (will be two integrals). For a; € C, let Lp,j. € C°°(C) so that 
(^2, EE 1 on D(x,fip{x, l/r)/2), supp(y5a; C D{x,fip{x, l/r)), < (ySj, < 1, and |£'"(y5x| < Ia^pCs^i l/r)|~l"l with 
constants independent of x. Note that suppiyS^ H suppi^Su, = 0. 
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Near z, we use the i?T-p-cancellation conditions from Corollary 14. Ill Our first estimate is: 



"3 

i=i 

"3 

Y^'Wrp^^Hrpis, V, w)Y"'Rrp{z, v) ( J| D^'^,r{w, V, Z)) if, (v) dA{v) 



Y^'-Rrr 



Y'^'Wrp^y.Hrpis, ■,w)[Y[ Dt^^,r{w, •, z) ) (z) 



(38) 



The cases £2 even and £2 odd are estimated similarly, and we will only show the £2 ~ 2k — 1 odd case. Recall 
that Rrp = ZrpGrp, so by Corollary 14. Ill we can estimate by 



^r{-w,-,z))ip. 



L2(C) 



L2(C) 



(39) 



The two terms in p9p are estimated in the same fashion, and we only present the estimate of the first term. 



"3 

□ ^p,„ {Y'^'Wrp^^Hrp^S, V,W){\{ D^J^AW, V, z)) ^.(z,)) 



J2 c^^X''oY''^Wrp,n,Hrpis,v,w){l[D2Wt'^Aw,v,z))D''-^^^ipA) (40) 

l7ol + --- + l7-.3 + l|=2fc j=l 



It is enough to estimate the norm of an arbitrary term in the expansion of ()40p . On supp ipz, note that 
|w — wj ~ |z — w\ and /ip(f , l/r) ~ /^p(z, l/r). Also, since — w| ~ |z — > /Xp(z, l/r), we can interchange 
s with /ip(z, 1/t) at will because of our exponential factors (though we may have to decrease c with each 
substitution). Then 



Mp(^,1/t) 



X^oY^^Wrp,^Hrpis, •, i«) ( n DVD^^^,r{w, ■,z)^D^-^+' 



3 = i 



< 



lip{z, 1/t) 



■j-n2 



T 

supp if 



2ni 



„2+|7o|+^l + l 



< 



1 



T" sl+5(l7o| + --- + |7™3 + ll+^l + l/3ll + --- + l^"3l + l) 
1 



/ip(z,l/r)2^"3 + : 



1/2 



since + l/^jl — ^ ~ ^2 and I70I + • • • + |7ri3+i| = 2A; = £2 + 1- This is (better than) the desired estimate. 

We begin the estimate for region near w. We first find the estimate for the case s^^^ < i^p{w, 1/t). We 
can assume that £1 is odd because the ti eyen case is handled analogously. If we set 5 — fJ-pi^w, 1/t), by 
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Theorem 14 . 1 01 we estimate: 



r"W,p,„i/,p(s, V, w)Y''^Rrp{z, v) ( [] dPj^Aw, V, 0)) ^U^) dA{v) 



"-3 

1 "3 

< (I )^ (r"^i?.p(z, .)( n Di\A^, ; z)) 
+ 5'\\ (□# )^ (F"^i?.p(z, •)( n ^)) 



The two terms are handled similarly. We estimate the first term. 



"3 

(□# )^ {Y'^-Rrpiz, •)( n Dt^riy^, ^))'/'. 



< 



T"l(5 



|7o| + --- + |7>>3+l|=^l + l 



We pick an arbitrary term from the sum to bound. On supp i/j^j, note that |w — zj ~ — and /ip(u, 1/r) 
^p(w,1/t). 



\X-'«Y'^^Rrpiz, •)( n Di^A^, •, z))i^^"3+V, 



Il2(C) 



1 



< 



1 



"3 



.upp^„Mp(^,l/r)2+2|70l+2^.r2"2 

1 1 



r" ;xp(z, i/r)i+^2+l7oH---+l7n3+iH-l/3il+--+l/3"3 

1 



1 



J27«3+1 



1/2 



T"/Zp(z, l/r) 



2+£ 



since |7o| + • • • + |7ri3+i| = li + 1 and ii + £2 + J2 = ^- This is the desired estimate in the case 
S2 < fip(w, ^/t)- If S2 > iip(w, 1/t), our estimate follows from size estimates. Indeed, 



[ Y'^'Wrp.^Hrpis, V, w)Y''^Rrp[z, v) ( fj D'^^>(w, V, z)) 
Mp(w, l/r)2 



r"2;rtp(M;, 1/t)i+^2 T'^^fjip^w, l/r)^ 1^1 



(41) 
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The remaining two estimates simply use the size conditions from Theorem 14.21 and Corollary 14.81 The 
third integral we estimate is on the region |w — wj > |w — z|. On this region, |ti — > i|z — w|, so 



< 



< 



1^1 I _ni „l+i(^i + l) 
v — w\>\v~z\ T -^^ 



1 1 1 



Y^^Wrp,n,Hrp{s, V, w)Y''-Rrp{z, v) ( TT D^^^r{w, V, z)) (1 - ^,{v)) (1 - ^Uv)) dA{v) 

.v-w\>\v-z\ ^j^l ' ^ 

r 1 I |2 s s 1 I 

-e"%p(".v-)^e~'''>(™-i/-'' — , „ I TT£)f?,^r(w,i;,z) dA{v) 



1 

-e 

c s 



flp{v,l/T) 

'-^ dA{v) 



i=i 



< 



The final integral is over the region ju — wj < |w — z|. In this case, |f — z| > — z|. We estimate 



v — w\<\v~z\ 



V^^Wrp.,n,Hrp{s, V, w)Y'''Rrp{z, v) ( [] i?£^,r(u;, V, z)) (1 - ip,{v)) (1 - <f^iv)) dA{v) 



< 



< 



< 



v—w\<\v~z\ T 

1 1 

Hp{z,i/TY^+i^+^+^\P^\ 
1 



g '^Mp(f,l/T)^ g '^Mp(ra,l/x)- 



g Mp(TJ,l/x) g Pp(3,l/-r) 



fip{v, l/r) 



1+^2 



g Pp(ii',l/-r)'^ g Mp(3,l/-r) 



^/.p(z,l/r)2+^ 



We have completed the estimates for the case |z — w| > 2^p{z, 1/t) and 2^p{w, l/r). 

The cases |z — wj < 2/ip(z, 1/t) and jz — w| < 2/ip(w, l/r) are similar to the estimates already performed. 
An important feature of the near-diagonal estimate is that /ip(z, l/r) ~ fip{w,l/T). Using size estimates 
and mimicking the techniques used earlier in this proof, with a decrease in c (to help turn s into fip{w , I / t)) , 
we can show 

Y"'Wrp,^Hrp{s, V, w)Y'^^Rrp{z, v) J| Di^^^r{w, V, z)j (1 - ip,{v)) (v)) dA{v] 



< 



fip{w, 1/t) 



2+e 



-'pp(ra,l/T)''! g '^fip(2,l/T) ^ 



The estimation of the near w integral 



"3 



Y'''Wrp,^Hrp{s, V, w)Y''-Rrpiz, v) ( [] i?£^,r(u;, z;, z)) (l - ip,iv))ip^{v) dA{v) 



"3 

l^"W.p,„(i7^p)# [Rrpiz, •) ( n ^)) (1 - («^), 



proceeds as before with the iJ^p-cancellation conditions and Theorem 14.101 Also, in the case that S2 > 
fj-p{w, 1/t), the integral estimate (j4ip suffices in the near-diagonal case. Finally, the near z integral 

"3 

Y"'Wrp.,n,Hrpis, V, w)Y"'Rrp{z, v) ( [] i?^^%r(w;, V, z)) (1 - ip,{v))ip^{v) dA{v) 



3=1 



= Y^^R. 



■rp 



113 

Y'^^Wrp^^Hrpis, •, u;) ( n Dt\zr{w, -,2)) (l - ^^{■))ip,{-)\ (z). 
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and the estimate follows from the i?7.p-cancellation condition, Corollary 14.111 The proof of theorem is 
complete with the observation that 

. U — IfP s \z — w\ 

s>0 s fip{z,l/Ty ^p(z, l/r) 

which allows to pull the e "^pFTiT^g mp(™,i/t) out of the max. □ 



9. Size Estimates of Hrp{s, z,w) - Proof of Theorem 14.41 
The estimation of Y'^Hrpis, z, w) follows from ideas we have already used and Theorem 14.51 



Proof. ( Theorem \4-4\ l- We know Y'-' Hrp{s, z,w) = Y'-'Grpis, z,w) + Y'-' Srp{z,w). From Theorem 14.51 and 
Corollary 14.111 and (|42| . we have the bound 



< _Lg-7:^e-7:if^ {^TTF' M^I^JT^} ' ^""^ 

We will move the Gaussian decay term outside of the brackets using Lemma 17.161 

Fix {s,z,w) and r > 0. As in the proof of Theorem 14. 2 [ we let i5 = ^ min{s2 ^^p(w, 1/t), fip{z, 1/r)} and 
7 — jT. Set F{z,w,t) = Htp[s,z,w). Then \\Y^ Hrp\\L=°{B) ^ Hrp{s, z,w)\. We use the bound for 
\Y^ Htp{St z,w)\ from (j44|) and the bound for |i77.p(s, z, w)| from the known (0,^)-case of Theorem 14.41 If 
5 = ^^p{w, 1/r), then 

\Y-'Hrp{s,z,w)\< max Si-'ri^'lY'' Hrp{s, z,w)\^\Hrp{s, z,w)\i 



< niax —7^(52 "e ^*'p(™.i/T)g '■»'p(^.i/^) niax 



Ke{k.j)<i2n+2.2e+s) T^/'^ \ gh+i ' l/r)i+J/2 



1 1 



r 1 



X e s max 



s5 ' Mp(w, l/r) 



< — e ^ = e Mp(™,i/T)g Mp(^,i/T) jjiax 



+ IVpKl/r)2+^ 

This is the desired estimate in the case /Up(2, 1/t) > s^/^. 

The final case is when s^^^ < ^ip{'w, 1/t). Consider the following: we know the result holds if F'^ e (0, oo). 
Assume the result holds if Y-' e (n - l,oo). Let ip G C^{B{z,S)) so that = 1 on B{z,S/2) and |V''(^| < 
Cfe/^'^ for fc < 3. Choose S < A small enough so that \Y^ Hrp{s, ^,w)\ - |r^i?^p(s, z, w)| if Y^ = X^F'' 
and |a| < 2. By argument leading up to ((23|) . it follows that 

M',fY'Hrp{s,z,w) = M,-p'"(r^ff,p(s,z,^«)(p(z)) - lim e-^°- [Af^^; (r^#,p(s, •, u>) (^(O)] (^). 
Let V = (^rp + Zrp, i{Zrp — Zrp)). By Theorem 14.101 and the inductive hypothesis, we have 

mp^Y-'Hrp{s,z,w)\<]im^^^^(^\\H^^^^ 

< limA(z,si/2)(|y''i/,p(s,z,w)| +5|Vy-'j?,p(s,z,w)| +52|ap.,r'^7?,p(s,z,7«)|) 

1 1 



< 



A{z, s^^^)e-''^r^A{z, si/2)n-ig-%p(™.i/.) g-S-pC.,!/.) 



max 



1+1 Vp(w;,l/r)2+^, 

By the argument leading to Remark 1 7. 81 it is enough to only check (n, €)-derivatives of the form MrpY'^ . □ 
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